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Abstract 

Rotation vectors, as defined for homeomorphisms of the torus that 
are isotopic to the identity, are generalized to such homeomorphisms of 
any complete Riemannian manifold with non-positive sectional curvature. 
These generalized rotation vectors are shown to exist for almost every 
orbit of such a dynamical system with respect to any invariant measure 
with compact support. The concept is then extended to flows and, as 
an application, it is shown how non-null rotation vectors can be used 
to construct a measurable semi-conjugacy between a given flow and the 
geodesic flow of a manifold. 
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1 Introduction 

Since Poincare introduced rotation numbers to study the dynamics of homeo- 
morphisms of the circle there have been several types of 'rotation objects' defined 
with the purpose of capturing the way the trajectories of a dynamical system 
'wind around' a manifold as time progresses (see |Mis07j for an overview). 

Perhaps the most direct generalization of rotation numbers has been the 
concept of rotation vectors as defined for homeomorphisms isotopic to the iden- 
tity on the two-dimensional torus. Although the situation is more complicated 
than for homeomorphisms of the circle (e.g. there may exist points without 
a well defined rotation vector, and different points may have different vectors 
associated to them) the concept has been successful at least in the following two 
ways: 

1. All periodic orbits have a well defined rotation vector. And, more gener- 
ally, so do almost all points with respect to any invariant measure. 

2. Simple hypotheses on the set of rotation vectors have strong dynamical 
consequences. For example, the existence of three non-collinear rotation 
vectors implies that there are infinitely many periodic points and that 
topological entropy is positive (see LM91| and |Fra89j ). Also, in some 
cases where there is a single rotation vector one can show that there exists 
a semi-conjugacy to a rigid rotation (see |Jag09 ). 

On general manifolds, asymptotic cycles for flows (introduced in |Sch57j ) and 
homological rotation vectors for homeomorphisms isotopic to the identity (e.g. 
see |Fra96j ) both give information about how orbits 'wind around' homology 
and have several applications. 

Even on a compact hyperbolic surface, one can construct a flow possessing a 
periodic orbit which is homologically trivial (and hence defines a null asymptotic 
cycle) but homotopically non-trivial. Furthermore, there are certain Lagrangian 
dynamical systems for which the critical value of the Abelian covering (whose 
group of covering transformations is the first homology group of the manifold 
over the integers) is strictly greater than that of the universal covering (see 
|CI991 Section 2-7]). This suggests that between these two energy levels the 
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trajectories may be exhibiting a behavior which is homologically trivial but 
homotopically non-trivial. 

With these two examples in mind, it is natural to ask whether there exists a 
useful concept of rotation vector that is applicable to manifolds other than tori 
and which measures homotopical information of trajectories. 

A first step in this direction was made in |BM93j where 'asymptotic homo- 
topy cycles' are defined. However, as the authors noted, the concept lacks a 
general existence theorem. 

More recently, motivated by comparison theorems between different geodesic 
flows on the same Riemannian manifold, P.Boyland introduced rotation mea- 
sures (see |BoyOO| ), which arise from associating to each trajectory of a flow on 
a fiber bundle (e.g. a Lagrangian flow) a geodesic of the base manifold (which 
is assumed to be compact and hyperbolic) . For an invariant measure supported 
on a homotopically non-trivial periodic orbit the associated rotation measure is 
supported on the minimizing geodesic of the same free homotopy class. Hence 
rotation measures succeed in capturing homotopical information. 

In this work, we introduce rotation vectors for homeomorphisms which are 
isotopic to the identity on any complete Riemannian manifold of non-positive 
sectional curvature. In the case of the two-dimensional torus, our definition 
specializes to the usual one. Furthermore, we prove that rotation vectors have 
the same existence properties on all manifolds under consideration (i.e. all 
periodic orbits, and almost all points with respect to any invariant measure 
with compact support, have rotation vectors). This is our main result, the 
proof of which occupies the first seven sections of the paper. 

In section [8] we show that, for periodic orbits in free homotopy classes of 
positive length (e.g. all non-trivial homotopy classes on a compact hyperbolic 
manifold) the associated rotation vector is non-null. And in section |H] we study 
the relationship between rotation vectors of a homeomorphism and its inverse 
(which on the torus are simply opposite) , and conclude that for almost all points 
the two are either both zero, or different (one can easily construct an example 
of a periodic orbit on a compact hyperbolic surface such that the two vectors 
aren't opposite). 

As an application, we extend the concept to flows and flows on fiber bundles 
over complete Riemannian manifolds of non-positive curvature (sections [10] and 
Hip and prove a semi-conjugacy result which improves on |Boy00[ Theorem 4.1] 
by relaxing the restriction of strict hyperbolicity of the base manifold. Here, we 
require the base manifold to satisfy a visibility condition and the example given 
in section [5] shows that the result may fail without this hypothesis. 

In section [12] we discuss implications of our results for homeomorphisms of 
surfaces and illustrate them with a discussion of the 'magnetic flow'. 

It is noteworthy that, on one extreme, the existence theorem for rotation 
vectors on the two-torus is a direct consequence of Birkhoff's ergodic theorem 
while, on the other extreme, it was observed by the authors of |BM93j that there 
doesn't seem to be an adequate ergodic theorem for establishing the existence 
of asymptotic homotopy cycles. 

The techniques we use for establishing our main theorem arose by successive 
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generalization of Oseledets' multiplicative ergodic theorem and were developed 
in |Kai87 . KM99 and [KL06]. Since the space of interest for Oseldets' theorem 
is that of positive definite symmetric real matrices (which has non-positive cur- 
vature but also flat totally geodesic submanifolds) these generalizations are well 
adapted to non-positively curved manifolds. However, the results in question 
concern orbits of cocycles of isometries and hence are not directly applicable to 
other homeomorphisms (for which, for example, it might be the case that two 
points on the same orbit don't even have isometric neighborhoods). 

In sections OS] and [5] besides a standard application of Kingman's ergodic 
theorem, we have basically isolated Karlsson and Margulis' geometric arguments 
from |KM99j and specialized them to Hadamard manifolds (as opposed to uni- 
formly convex and Busemann non-positively curved metric spaces which was 
their original domain of application). In particular a more general version of 
our Lemma [TT] is implicit in the proof of their main theorem. The fact that 
neither the result nor the relevant definitions are explicitly stated in the cited 
work is one reason why we include a full proof (another being that in the case 
of Hadamard manifolds some simplifications are possible) . 

In section [6] we prove a new ergodic theorem which is related to |KL06[ 
Theorem 1.2] but applies to sequences not arising from cocycles of isometries. 
This is enough to establish the main existence theorems for rotation vectors. 
The arguments of the rest of the paper rely on this result and on general facts 
about non-positively curved manifolds which are presented in an appendix. 

2 Statement of the Main Theorem 

Let us begin by reviewing the definition of a rotation vector for a homeomor- 
phism of the torus. 

Definition 1 (Rotation Vector for Torus Homeomorphisms). Let T d = M. d j7L d 
be the d- dimensional torus, and let f : T d T d be a homeomorphism that is 
isotopic to the identity. Also, fix a lift F : R d — > R d of f . 

The rotation vector vf(x) of a point x G T d is the following limit in case it 
exists: 

F n (x) — x 

vp(x) = lim where x £ R is any lift of x 

n— > + oo n 

The following is a well known consequence of Birkhoff 's Ergodic Theorem. 

Proposition 1. If f :T d ->■ T d is isotopic to the identity, F :W l ->■ R d is a lift 
of f , and [i is an f -invariant Borel probability measure. Then the limit vp{x) 
exists for [i-almost every x £ T d . 

A point x £ T d has rotation vector vp{x) for a certain lift F of a home- 
omorphism / : T d — > T d , if and only if for any lift x of x it holds that 
— (x + nt)j7'(a:))|| = o(n) when n +oo. If one considers the usual 
flat metric on T d then the fact that the curve t M- x + tvp(x) is a geodesic 
shows that the following definition generalizes Definition [T] 
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By a Riemannian covering we mean a covering map 7r : M — > M between 
Riemannian manifolds that is a local isometry at all points. We will denote the 
distance function on a Riemannian manifold by d. 

Definition 2 (Rotation Vector). Let ir : M — > M be a Riemannian covering, 
f : M — > M a homeomorphism, and F : M — > M a lift of f . 

A rotation vector Vf{x) of a point x € M is a vector in the tangent space 
T X M such that for any lift x of x the following holds: 



where a is the lift starting at x of the geodesic a : [0, +00) — » M defined by 
a(t) = exp x (tVF(x)). 

If the lift F in the above definition commutes with all covering transforma- 
tions then the existence of a rotation vector vp(x) is a statement about the 
F-orbit of a single lift x of x. Also, notice that in this case the expression 
p(x) = d(x, Fx) where x is a lift of a; is a well defined continuous function from 
M to [0, +00). Finally, notice that if / : M — > M is isotopic to the identity 
then one can always obtain a lift F : M — > M of / that commutes with all 
covering transformations (e.g. this can be done by lifting the isotopy between 
the identity map on M and /). 

We recall that a Hadamard manifold is a complete, connected and simply 
connected Riemannian manifold with non-positive sectional curvature. 

We can now state our main theorem as follows. 

Theorem 2 (Main Theorem). Let M be a Hadamard manifold and ir : M — > M 
a Riemannian covering. For each x e M let x e M denote an arbitrary lift of 
x. 

Swppose that f : M — > M is a homeomorphism that is isotopic to the identity, 
F : M — > M is a lift of f that commutes with all covering transformations, and 
fj, is an f -invariant Borel probability measure satisfying the condition: 



Then for fi-almost every x € M there exists a unique rotation vector vp(x) G 



The rotation vectors given by the above theorem depend on the choice of a 
lift F which commutes with all covering transformations (from now on we will 
call such a lift 'admissible'). 

If M = T d then it is simple to show that all lifts are admissible, any two lifts 
differ by a translation with integer coordinates, and the corresponding rotation 
vectors satisfy the same relationship. 

For hyperbolic manifolds we have the following result: 

Proposition 3. If M is a complete hyperbolic manifold with finite volume and 
f : M — > M is isotopic to the identity then there is a unique admissible lift of f 
to the universal Riemannian covering space M of M. 



d(a(n), F n x) = o{n) when n — > +00 




T X M. 
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Proof. Let F\ and F2 be distinct admissible lifts. It follows that F^ 1 o F2 
is a covering tranformation which commutes with all others. In particular the 
maximal normal Abelian subgroup of tti(M) is non-trivial. By [Ebc96, Theorem 
10.3.10] this implies that M splits into a Riemannian direct product isometric 
to 1 x I for some simply connected Riemannian manifold X. However by 
taking two distinct points xi,X2 & X and considering the curves t H> (t, Xi) 
we see that this would imply the existence of disjoint geodesies which remain 
at a positive fixed distance. This contradicts the fact that M is isometric to 
hyperbolic space. □ 

We observe that because its proof proceeds by contradicting the strong visi- 
bility property (see Appendix) the proposition is valid if this property is assumed 
for M instead of hyperbolicity. 

In general, assuming that M is complete and has finite volume one obtains 
that either the conclusion of the above proposition holds or M splits into a Rie- 
mannian direct product with a non-trivial factor isometric to M. d . Furthermore 
if M is compact it follows from |LY72[ The Center Theorem] that M is foliated 
by isometrically embdedded flat tori. This suggests that a characterization of 
the dependence of rotation vectors on the choice of lift similar to the case in 
which M — T d might be possible. However, such a result is unknown to the 
author at the time of writing. 



3 Rate of Escape 

Definition 3 (Rate of Escape). The rate of escape of a sequence {x n } n >o C X 
in a metric space X is the value of the following limit if it exists: 

R= Um d(x 0l x n ) 

n— >+oo n 

Observe that if M, M, f and F are as in the statement of Theorem [2] and 
there exists a rotation vector vp{x) for a certain x € M then for any lift x of 
x the sequence {F n x} n >o has rate of escape ||uf(^)|| (for details see Lemma 
0. In view of this our first task is to show that for almost every x £ M the 
sequence {F n x} n >o has a well defined finite rate of escape. 

The purpose of this section is to show a somewhat more general fact, i.e. 
that a certain general class of random sequences in a metric space almost surely 
have a well defined finite rate of escape. This is a consequence of Kingman's 
Subadditive Ergodic Theorem which we restate in a convenient fashion. 

Theorem 4 (Kingman's Subadditive Ergodic Theorem [Kin68]). If (M,B,fi) 
is a probability space, f : M —> M is a measure preserving measurable function, 
and {a(m, n)}o< m < n ( where m,n € 1) is a family of measurable functions from 
M to K satisfying: 

1. a x {l,n) < a x (l,m) + a x {m,n) for all x G M and all < I < m < n 
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2. a x (m + 1, n+ 1) = ati x \{m, n) for all x € M and all < m < n 

3. f M \a x (0,l)\d»(x) <+cx> 

4. lim„^ +00 f M ^f^- dfx{x) > -oo 

TTien t/iere eiisis an invariant and integrable function R : M — > K swc/i i/iai 

/ i?(x)d/i(a;) = lim / ^i^d/^x) 

n-H-oo 7^ ?i 

/or e^erj/ invariant measurable set A C M. ^Tirf /or /i almost every x £ M the 
following holds: 

R{x)= Urn 

n->+oo n 

A family of measurable functions satisfying condition 1 is called a subadditive 
process. Condition 2 guarantees that this process is stationary. Conditions 3 
and 4 imply in particular that each function in the process is integrable (this 
is a consequence of subadditivity) . Processes satisfying condition 4 are said to 
have "finite time constant" , one can prove Kingman's Theorem without this 
condition but the pointwise limit R will no longer be integrable (e.g. it might 
be equal to — oo on a set of positive probability). Since its first proof in [Kin68 , 
the theorem has received many alternative proofs. See [Kre85 for a general 
reference. 

A typical example of a subadditive process arising from a dynamical system 
is the following: Let / : M — > M be a volume preserving diffcomorphisms of a 
compact Riemannian manifold M and define a x (m,n) = \og(\\D f m ( x )f n ~ rn \\). 
In this example Kingman's theorem gives the existence of the largest Lyapunov 
exponent for almost every orbit (which was previously an independent result 
first proved by Furstenberg and Kesten, see }KL06[ Introduction]). 

We will use Kingman's theorem in the following form. 

Corollary 5 (Rate of Escape for Random Sequences). Suppose (M,B,fi) is 
a probability space and f : M — > M is a measurable and measure preserving 
transformation. 

Let X be a metric space and <j> : M X N a measurable function such that 
the family of functions {a{m, n)}„> m >o that is defined by 

a(m,n) : M [0,+oo) 

a x (m,n) = d(4>(x) m , <t>(x) n ) 

satisfies the hypothesis of Theorem^ Then there exists an invariant and inte- 
grable function R : M — > [0, +oo) such that 

[ R(x)dfi(x)= lim / ax( °' n) d/4x) 

J A n-H-ao J A n 
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for every invariant measurable set A C M. And for almost every x € M the 
following holds: 

n->+oo n 

In particular, for almost every x G M the sequence <j>(x) has a finite rate of 
escape. 

4 Geodesic Escorts 

The main theorems of [Kai87] and |KM99j can be restated in terms of the 
following definition. We will prove in this section that it is also connected to 
rotation vectors. 

Definition 4 (Geodesic Escort). Let (X,d) be a metric space. A sequence 
{x n }n>o C X is said to be escorted by a geodesic, if there exists a function 
a : [0, +oo) — > X that is either constant or a local isometry onto its image and 
satisfies: 

• a(0) = xq 

• d(x n , a(d(xo, x n ))) = o(n) when n — > +oo 

Notice that any sequence with rate of escape equal to zero is escorted by a 
(constant) geodesic. 

Before giving a proof of a necessary and sufficient condition for the existence 
of a rotation vector we would like to recall the following facts: 

• If M is a Hadamard manifold then it is diffeomorphic to M dlm ( M ) (see for 
example [Lan99] Theorem 3.8 on page 252). 

• Any two points in M belong to a unique geodesic (up to reparametriza- 
tions) and therefore any arclength parametrization of this geodesic is a 
(global) isometry onto its image (see |Lan99| p. 353 Corollary 3.11). 

Lemma 6. Let M be a Hadamard manifold and tt : M M a Riemannian 
covering. 

Suppose that f : M — > M is a homeomorphism that is isotopic to the identity, 
and that F : M — > M is a lift of f that commutes with all covering transforma- 
tions. 

A rotation vector vf(x) exists for a point x G M if and only if there exists a 
lift x of x such that {F n x} n >o has a well defined rate of escape and is escorted 
by a geodesic. 

In such a case it holds that for any lift x of x the sequence {F n x} is escorted 
by a geodesic and has rate of escape \\vf(x)\\. 
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Proof. First suppose v = vf(x) € T X M is a rotation vector for x. For any lift x 
of x the geodesic a : [0, +00) — > M given by Definition [5] satisfies: 

d(a(n), F n x) = o(n) when n — > +00 

Since each pair of points in M belongs to a unique geodesic we have that: 

d(a(0), a(n)) = d{x, a(n)) — n||a'(0)|| = n\\v\\ 

The triangle inequality now implies: 

d(x, a{n)) - d{a{n),F n x) < d(x, F n x) < d[x, a{n)) + d{a{n),F n x) 

And this in turn implies: 

n\\v\\ — o(n) < d(x, F n x) < n\\v\\ + o(n) 

Which shows that {F n x} n >o has rate of escape \\v\\. 

If \\v\\ — then a is constant and is a geodesic escort for {F n x}, otherwise 
let P : [0, +00) ^itfbe the geodesic starting at x with £'(0) = a'(0)/||a'(0)||. 
Since 

f3(d(i, F n x)) = P{n\\v\\ + o(n)) = a(n + o(n)) 

one has that: 

d(F n x, P(d{x, F n x)) < d(F n x, a(n)) + d(a(n),a(n + o(n))) = o(ri) 

and therefore j3 escorts the sequence {F n x} n >Q. 

Suppose now that for some lift x of x one has that {i^ n i}n>o has rate of 
escape R and is escorted by a geodesic ft. Let 7 : M M be a covering 
transformation. Since F commutes with 7 and 7 is an isometry one has that 
7 o j3 is a geodesic escort for the sequence {^ n (7i)}n>o and this sequence has 
rate of escape R. In particular the rate of escape is independent of the chosen 
lift x, and therefore if R = then v = € T X M is a rotation vector for x. 

On the other hand if R > 0, then /3 is a non-constant geodesic and the image 
v of the vector i?/3'(0) under the differential of the covering map tt : M — > M 
is independent of the chosen lift x. To show that v is a rotation vector for x 
all that is needed is to prove that d((3(Rn), F n x) — o(n). We can obtain this 
directly from d(x, F n x) = Rn + o(n) and the fact that /3 is a geodesic escort, as 
follows: 

d{f3(Rn), F n x) < d(f3(Rn), /3(d(x, F n x))) + d(P(d(x, F n x)), F n x) = o{n) 

□ 
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5 Aligned Sequences 



Definition 5 (Linear Escape to Infinity). A sequence {x n } n >o a X in a metric 
space X is said to escape linearly to infinity if it has a positive and finite rate 
of escape. 

In this section we will give a condition under which a sequence that escapes 
linearly to infinity will be escorted by a geodesic. 

The simplest such condition known to the author is the following (which we 
will state without proof), valid for d-dimensional hyperbolic space: 

Proposition 7. Let M. d denote d- dimensional hyperbolic space. Any sequence 
{%n}n>o C M d that escapes linearly to infinity and satisfies 

d{x n ,x n+ i) = o(n) when n — » +oo 

is escorted by a unique geodesic. 

The condition d(x n , x n+ i) — o(n) is almost always satisfied by random se- 
quences, provided that the variables d(x ni x n +i) are identically distributed and 
have finite expectation. Using this fact one can obtain a proof of a special case 
of our main theorem. 

However the sequence in C defined by x n — ne !log ' n ' satisfies d(x n , x n +\) = 
o(n) (where d(x, y) — \x — y \ for every x,y £ <C) but isn't escorted by a geodesic. 
This shows that the proposition is false for general non-positively curved spaces. 

Since our objective is to prove the existence of geodesic escorts for sequences 
in Hadamard manifolds we will need a stronger hypothesis than d(x n , x n +\) = 
o(n). The following definitions will allow us to formulate such a hypothesis. 

Definition 6 (e-Cone). Let (X,d) be a metric space. If e € [0, +00] and 
X the e-cone from x to y is defined as the following set: 

[x, y]<L = {z e X : e~ e d{x, z) + d(z, y) < d(x, y)} 

The 0-cone between two points in C is a segment. The cone [a;,j/]+oo is a 
closed disk centered at y and containing x (in particular note that the definition 
is not symmetric in x and y). 

We will now show that in Hadamard manifolds the e-cone between two points 
is close to a geodesic segment for small e. 

We will rely on two properties of Hadamard manifolds which we state below 
without proof. Lemma [5] is contained in theorems 4.3 and 4.4 of chapter IX in 
|Lan99j . While the semi-parallelogram law is proved to hold locally in section 3 
of chapter XI of the same reference. In the context of Hadamard manifolds the 
same proof gives the (global) statement below. 

Lemma 8 (Convexity of geodesic distance). If M is a Hadamard manifold 
then for any x € M and any pair of geodesies a, j3 : M — > M the following two 
functions are convex: 

1 1 y d(x, a(t)) 
t^d(a(t),/3(t)) 
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Figure 1: The boundary of [0, l]o.2 in C. 

Lemma 9 (Semi-Parallelogram Law). Let M be a Hadamard manifold and 
let x,y,z G M. Then if m is the midpoint of the geodesic segment [x, y]o the 
following inequality holds: 

d(x, y) 2 + 4d(m, zf < 2d(x, zf + 2d(z, y) 2 

Lemma 10. Let M be a Hadamard manifold. For all e > and all x, y, z € M 
with z € [x,?/] £ it holds that: 

d{z,w) 2 < 4(1 - e- 2t )d{x,z) 2 

where w — a(d(x, z)) and a : [0, +oo) — > M is the unique geodesic parametrized 
by arclength with a(0) = x and a(d(x,y)) = y. 

Proof. Let o = d(x,z) = d(x,w) 1 b = d(x 1 y) — a and c = d(z,y). Notice that 
b = d(w, y) if d(x, z) < d(x, y) and b = —d(w, y) otherwise. In both cases |6| < c. 
Since z £ [x,y] e we have: 

e~ e a + c < a + b 

which implies 

a + b — c > e~ € a 

Let m be the midpoint of the segment [z, mj]o. Lemma [H] implies that: 
d{y, m ) < max(|6|, c) = c 

and from this we obtain 

d(x, m) > d(x, y) — d(y, m) > a + b — c > e~ e a 
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The semi-parallelogram law (lemma [5]) now gives: 
d(w, zf + 4d(x, mf < 4a 2 
Combining these inequalities we obtain: 

d(w, zf < 4(a 2 - d(x, mf) < 4(1 - er 2t )a 2 = 4(1 - e- 2e )d(x, zf 

□ 

We will now state a condition that will guarantee the existence of a geodesic 
escort for a sequence that escapes linearly to infinity. One can interpret the 
condition saying either that the sequence eventually stays in arbitrarily small 
e-cones, or that the differences d(xo,x n ) — d(xk,x n ) are close to their largest 
possible value (i.e. d(xo, 

Definition 7 (Aligned Sequence). Let (X,d) be a metric space. A sequence 
{x n }n>o C X is said to be aligned if for each e > there exists K G N such 
that for infinitely many n € N the following holds: 

Xk G [xo, x n ] e for all K < k < n 

Observation 1. Let (X, d) be a metric space and {x n }n>o C X a sequence that 
escapes linearly to infinity with rate of escape R. Then {x n } n >o is aligned if 
and only if L > R where: 

r ,• t d(x ,x n ) - d(x n ,x k ) 
L = lim lim sup mm { ; } 

K— >-+oo n—j.+oo K<k<n K 

Lemma 11. Let H be a Hadamard manifold. If {x n } n >o C H escapes linearly 
to infinity and is aligned then it is escorted by a geodesic. 

Proof. Let / : [0, +oo) -> [0, +oo) be given by /(e) = 2\/l -e~ 2e . 

For each n G N define d n = d(xo,x n ) and let a n ■ [0, +oo) —> H be the unique 
geodesic parametrized by arclength such that a„(0) = xq and a n (d n ) = x n . 
Also, let R > be the rate of escape of the sequence {x n }„>o- 

By hypothesis for each e > there is a natural number K e and infinitely 
many values of n (which we will call e-admissible) such that: 

Xk G [xo,x n ] e for all K e < k < n 

Since dk = Rk + o(k) we may assume that K e above is chosen large enough 
so that dk > 1 for all k > K c . 

Also, note that by lemma [TO] we have the following inequality for all e- 
admissible n and all k with K e < k < n: 

d(a n (dk),x k ) < f(e)d k 

We will prove the lemma in two steps: First, we will show that {a„(l)}„>o 
is a Cauchy sequence. Second, defining a to be the geodesic ray with a(0) = xq 
and a(l) = lim„_ ) .+ 00 a n (l) we will show that a is a geodesic escort for {x n } n >o- 
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To prove the first claim fix e > and the corresponding K e . For any k,l > K e 
we can find an e-admissible n > max(fc, I) and for this value of n one has: 

d(a fc (l), aj(l)) < d(a fc (l), a„(l)) + d(a„(l), aj(l)) 

< d(x kl a n (d k )) d(a n (di),xi) 
~ d k di 

< 2/(e) 

where the second inequality is obtained by applying lemma [5] to a n and either 

a k (in the case of the first summand) or a/ (for the second) . Here we have used 

the fact that dk, di > 1 . 

As e can be chosen so that /(e) is arbitrarily small the above argument shows 

that a ra (l) is a Cauchy sequence and therefore lim n ^+oo ct n (l) exists. Therefore 

one can define a geodesic ray a as claimed above. 

We will now show that a is a geodesic escort for {x n } n >o- 

Since a(0) = a n (0) for all n and a(l) = lim„_ ! . +00 a„(l) it follows that 

a(t) = lim a n (t) 

n— >+oo 

for all 

Given e > and the corresponding K e for each k > K e one can choose a 
sequence ni — > +oo of e-admissible numbers. For this sequence we obtain: 

d(a(d k ),x k ) = lim d(a ni (d k ),x k ) < f(e)d k 

for all fc > AT e . 

Hence for each e > one has d(a(d k ),x k ) < f(e)d k for all k > K e . This 
shows that: 

d(a(d k ), x k ) = o((ife) when k — > +oo 
so that a is a geodesic escort as claimed. □ 

We conclude this section by showing that if an orbit of an isometry or semi- 
contraction escapes linearly to infinity, then it is aligned. This result isn't 
necessary for the proof of our main theorem, but will be used later on as a 
source of examples. 

Lemma 12. Let (X, d) be a metric space and {x n } n >o a X a sequence that 
escapes linearly to infinity and satisfies: 

d{x m+k ,x n+k ) < d(x m ,x n ) for all k,m,n>0 

Then {x n } n >o is aligned. 

J By the Arsela-Ascoli theorem any subsequence of a n has a subsequence converging uni- 
formly on compact sets. If /3 is the limit of such a subsequence then it must be a geodesic 
joining a(0) and ct(l) and it follows that a = /3. 



13 



Proof. Let R be the rate of escape of {x n }. 
For each e > take K such that: 

d(x , x k ) < e t/2 Rk for all k > K 

Since the sequence d(xo,x„) — e~ e / 2 Rn is unbounded there exist infinitely 
many n such that: 

d(xa,x n ) — e~ e / 2 Rn > d(xo,x m ) — e~ t l 2 Rm for all m < n 

Hence for infinitely many n it holds that for all K < k < n: 

e' e d(x ,x k ) + d(x k ,x n ) < e~ t/2 Rk + d(x ,x n - k ) < d(x , x n ) 

This implies that x k G [xo, x n ] e and hence the sequence is aligned. □ 

6 Alignment of Random Sequences 

The following lemma will enable us to prove that, in a sense, almost all random 
sequences that escape linearly to infinity are aligned. 

Lemma 13 ( KM99. Lemma 4.1). Suppose {a(m, n)}o< m < n satisfies the hy- 
pothesis of Theorem ^ and that: 

lim / ^) dMx)>0 

n->+oo J M n 

Then the probability of the following set is strictly positive: 

{x £ M : for infinitely many n € N, a(0, n) — a(k, n) > for all 1 < k < n} 

Proof. Choose e positive but smaller than the time constant of {a(m,n)} and 
consider the subadditive cocycle c : N x M — > K (over / : M —> M) given by: 

c(n, x) = a x (0, n) — en for all x G M, neN 

The cocycle c satisfies the hypothesis of Lemma 4.1 in [KM99 and the 
conclusion follows. □ 

We will now establish the ergodic theorem used in the proofs of existence of 
rotation vectors throughout this work. 

Theorem 14 (Alignment of Random Sequences). Suppose (M,B,/i) is a prob- 
ability space and f : M M is a measurable and measure preserving transfor- 
mation. 

Let X be a metric space and <fi : M —> X N a measurable function such that 
the family of functions {a(m, n)}„ >m >o defined by: 

a(m, n) : M — > [0, +oo) 

a x (m, n) = d(<f>(x) m ,<f>(x) n ) 

satisfies the hypothesis of Theorem [^J Then for almost every x € M if the 
sequence <f>(x) escapes linearly to infinity then it is aligned. 
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Proof. Let R : M — > [0, +00) be the function given by Corollary [5] For almost 
every x £ M, the sequence 4>{x) escapes linearly to infinity if and only if R(x) > 



0. 



Consider the measurable function L : M —> [0, +00) defined by: 




By Observation [T] it suffices to show that L > R on a set of full measure. 

First we will show that the function L is invariant on a set of full measure. 
For this purpose it suffices to show that L(x) < L(f(x)) for almost every x, 
since the probability of the set {x g M : L(x) > a} is equal to that of the set 
{x G M : L(f(x)) > a} for every a £ R because / is measure preserving. 

If L(x) = then trivially L(x) < L(f(x)). Suppose L(x) > t > 0. This 
implies that for each e > there exists K £ N and infinitely values of n E N 
such that: 

d(4>(x) , 4>{x) n ) — d(4>{x) n ,4>{x)k) > te~ e k for all K < k < n 
for a slightly larger K the following holds: 

d((j)(x) 1 ,^(x) n ) - d(<j)(x) n ,(p(x) k ) > -d(<p(x) 1 ,<p(x) ) + d(cj)(x) ,(j)(x) n ) - d{(f>{x) n , <t>{x) k ) 
> -d(4>(x)i,4>(x) Q ) + te- e k > te~ 2e (k - 1) for all K < k < n 

and therefore L{f(x)) > te~ 2e . Since this holds for every e > we have shown 
the claim that L{x) < L(f(x)) almost everywhere and therefore L is invariant 
on a set of full measure. 

To simplify the discussion, modify L on a set of measure so that it is 
strictly invariant. 

We will now show that L > R almost everywhere. 

This is trivially true in the set where R = 0. 

Suppose that for some e > the set A = {x € M : L(x) < e~ e R(x)} has 
positive measure. Let 1a be the function that takes the value 1 on A and 
outside of A, and consider the stationary subadditive process {b(m, n)} < m < rl 
defined by 

b x (m,n) = {d{(f>(x) m ,<t>{x) n ) - (n - m)e~ e R(x))Ia(x) 
Since this process satisfies 



lim 

n— 7- + 00 



b x (0,n) 



dfx(x) = (1 



) / R(x)d(j,(x) > 



e 



n 



J A 



by Lemma [T3] there is a set of positive probability of x g M such that there 
exist infinitely many n satisfying the following: 



b x (0, n) - b x (k, n) > for all 1 < k < n 
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However since 



b x (0, n) - b x (k, n) = (d(<p(x) ,<f>(x) n ) - d(<f>(x) n ,<f>(x) k ) - ke e R(x))l A (x) 

this would imply that for some x £ A we have L{x) > e~ t R(x) contradicting 
the definition of A. Therefore we must have L > R almost everywhere as 
claimed. □ 



7 Proof of the Main Theorem 

We will now prove the main theorem (Theorem [2]). 

Proof. One can choose x so that it is a measurable function of x (e.g. apply 
|Kec95| Theorem 12.16 page 78]). By Corollary El for almost every x £ M the 
sequence {F n x} n >o nas a finite rate of escape R(x). 
If R(x) = then £ T X M is a rotation vector for x. 

On the other hand, by Theorem 1 141 for almost every x £ M in the case 
that R(x) > the sequence {F n x} n > 1S aligned. In this case the existence of a 
geodesic escort follows from Lemma [TT] This implies the existence of a rotation 
vector by Lemma [5] 

The uniqueness claim follows from the fact that no two geodesies a, /3 : 
[0, +oo) — > M with the same starting point satisfy d(a(n), $(n)) = o{n) when 
n — > +oo. This is a direct consequence of Lemma HI □ 



8 Periodic points and Homological Rotation Vec- 
tors 

The purpose of this section is to clarify the relationship between homological 
rotation vectors and rotation vectors as defined in this paper. We will consider 
rotation vectors associated to periodic points. The result of this section is 
illustrated by the following two examples: 

• Let M = {(x,y) £ M 2 : y > 0} with the hyperbolic metric, and define 
F : M -> M by F(x,y) = (x + l,y). If M is any quotient of M by 
the group generated by a non-trivial translation with respect to the x- 
axis, / is the projection of F to M and \i is an invariant probability 
measure supported on the projection of R x {1} to M then the hypothesis 
of Theorem[2]are satisfied. Direct calculation shows that the rate of escape 
is equal to 0, however the homological rotation vector of every / orbit in 
M is non-null. 

• Let M be the two dimensional sphere with two handles (i.e. a double- 
torus) with a hyperbolic metric. There is a simple closed curve (sepa- 
rating both handles) on M that is not homotopic to a constant but is 
homologically trivial. Consider a flow <f> : R x M — > M with this curve 
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as a periodic orbit, take / = 1 and fi to be the invariant measure for 
the flow supported on the selected periodic orbit. By lifting this flow to 
the universal covering space and taking the time 1 to be F we obtain an 
example with null homological rotation vectors but with positive rate of 
escape. 

In this section we will have to distinguish between the usual relationship 
of (end-point fixing) homotopy between curves and free-homotopy equivalence 
between closed curves (where there is no fixed base-point). We recall that 
two continuous closed curves a, f3 : [0, 1] M in a manifold are called freely- 
homotopic if there exists a continuous function 7 : [0,1] x [0,1] — > M such 
that: 

1. 7(0, t) = a(t) for all t. 

2. 7(1, i) = 0(t) for all t. 

3. j(s, 0) = j(s, 1) for all s. 

The requirement that both curves be parametrized on [0, 1] is non-essential and 
is removed by declaring that two arbitrary closed curves a : [a, b] — > M and 
P : [c, d] —> M are freely-homotopic if there exist continuous and increasing 
reparametrizations of them satisfying the above definition. 

Free homotopy is an equivalence relationship among all closed continuous 
closed curves in M (see [DFN851 Section 17] for a general reference on this 
subject). The equivalence classes of this relationship are called free homotopy 
classes. 

On a Riemannian manifold each free homotopy class of closed curves has an 
associated length as follows: 

Definition 8 (Length of a free homotopy class). Let M be a Riemannian man- 
ifold and C be a free homotopy class of closed curves in M . The length 1(C) 
of C is defined as: 1(C) = inf{|o;| : a G C} where \a\ denotes the length of a 
smooth curve a. 

We will need to use the following two facts about free homotopy classes of 
manifolds of non-positive curvature. 

Lemma 15. Let M be a connected manifold. Two closed curves a, {3 : [0, 1] — > 
M are freely homotopic if and only if there exists 7 : [0, 1] — > M with 7(0) = a(0) 
and 7(1) = /3(0) such that a is homotopic to r y~ 1 ■ j3 ■ 7 (where the dot denotes 
concatenation and 7 -1 is an orientation-reversing reparametrization ofj). 

Proof. First suppose that a is homotopic to 7 -1 • /3 • 7 for some 7. It follows 
that a is freely homotopic to (3 ■ 7 • 7 -1 and hence to /3. 
Now suppose that a and /3 are freely homotopic. 

Choose any ^ : [0, 1] -> M with 7^0) = a(0) and 71(1) = /3(0). Notice that 
7-f ■ (3-ji is freely homotopic to j3 and hence to a. By [DFN85I Theorem 17.3.1] 
there exists 72 : [0,1] — > M with 72 (0) =72(1) = a(0) such that 7 2 " 1 -7r 'P'li'li 
is homotopic to a. Hence by taking 7 = 71 -72 we have shown that a is homotopic 
t0 7" 1 -/3-7. □ 
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Lemma 16. Let tt : M — » M be a Riemannian covering where MJs a Hadamard 
manifold. Let C be a free homotopy class in M and p : M —> M be a covering 
transformation such that the geodesic segment [p, p(p)\ projects to a curve in 
class C for some p € M. Then the length of the class C is given by: 

1(C) = ivf{d(x, p{x)) : x € M} 

Proof. Let a : [0, 1] — > M be the projection of a parametrization the geodesic 
segment [p, p(p)] to M. If /? : [0, 1] — > M is a closed curve freely homotopic to a 
then there exists 7 : [0, 1] — > M such that a is homotopic to r )~ 1 ■ /3 ■ 7. Hence 
by lifting 7 starting at p the other endpoint q satisfies that the segment [q, p(q)] 
projects to a curve homotopic to f3. Hence the length of f3 is greater than or 
equal to d(q, p(q)) and it follows that: 

1(C) > M{d(x,p(x)) : x e M} 

On the other hand for any x € M the geodesic segment [x, p(x)] projects 
to a curve j3 which is freely homotopic to a as one can see by considering the 
projection 7 of any curve 7 between p and x and noting that 7 -1 • /3 ■ 7 is 
homotopic to a. Hence one obtains that d(x,p(x)) is greater than or equal to 
1(C), which establishes the claim. □ 

Once we fix an isotopy between a homeomorphism / : M —> M of a Rie- 
mannian manifold and the identity each periodic orbit is associated to a free 
homotopy class as follows: 

Definition 9 (Free homotopy class of a periodic orbit). Let M be a Riemannian 
manifold and f : [0, 1] X M M be an isotopy with fo equal to the identity 
mapping of M . If x € M is a periodic point for f\ with minimal period p then 
the free homotopy class C (x) of x is defined as the free homotopy class of the 
following closed curve: 

a : [0,p] -> M 
a(t) = ft-k ° fx ifk<t<k + l where keZ 

Notice that if a; is a periodic orbit of period n for a homeomorphism / then 
p, = — X)fe=o ^f k (x) ^ S an er g°dic invariant measure (where S p denotes the Dirac 
delta at a point p) . Any such measure will trivially satisfy the integrability hy- 
pothesis of Theorem[2j Hence all periodic orbits have rotation vectors associated 
to them. 

The theorem below shows the relationship between the norm of the rotation 
vector of a periodic orbit and the length of its free homotopy class. 

Theorem 17. Let M be a Hadamard manifold and it : M — > M a Riemannian 
covering. Suppose f : M M is isotopic to the identity and x G M is a 
periodic point for f of minimal period p. Given g : [0, 1] x M — > M an isotopy 
between the identity and f , if F = G\ where G : [0, 1] x M — > M is the unique 
lift of g to M starting at the identity then \\vf(x)\\ = l(C(x))/p. 
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Proof. To begin we observe that F commutes with all covering transformation. 
To see this let 7 be a covering transformation and notice that for each t the 
equation p t = j" 1 o G^ 1 o 70 G t defines a covering transformation. Since for all 
y £ M the curve t <-> Pt(y) is continuous and starts at y it must be constant. 
For t = 1 this gives j o F — F o ^ as claimed. 

Next fix a lift x of x and let p : M —> M be the covering transformation such 
that p(x) — F p (x). Since F commutes with p it holds that F np (x) = p n (x) so 
that by lemma [6] one has: 

n / mi ,. d(x,p n (x)) 
p\\vp{x)\\ — hm 

n— >+oo n 

For any y, z £ M one has: 

Um d(y, p n (y)) < ^ x) + + d(p"(a;), p"(y)) _ ^ d(x, p n {x)) 

n n n n n n 

Hence p||uF(a;)|| equals the rate of escape of all points in M under iteration 
of p. 

For each n > 1 we define: 

R n = mf{d(y,p n (y)):yeM} 

We will prove that = R\ and by lemma [TBI the theorem follows. 

First we establish p||t;f(x)|| < R\ as follows: For each e > choose y £ M 
with d(y,p(y)) < Ri + e. By the triangle inequality one has that 

p\\v F (z)\\=Um d{V ' pn{v)) <Ri+c 

n n 

and by letting e go to zero one establishes the desired inequality^ 

On the other hand, if the rate of escape of some point y £ M was less than 
Ri then for all n large enough one would have d(y, p n (y)) < nR\. In particular 
this would imply R n < nR\ for all n large enough. Hence to establish the 
equality R\ — p\\vf{x)\\ it suffices to show that Rn = nR\ whenever n is a 
power of twc§ 

We will show R2 — 2R\ and the general claim follows from applying the 
same argument to iterates of p. 

First consider a sequence y n in M with d(y n , p(y n )) — ¥ Rx, it holds that: 

R2 < d{y n ,p 2 (y n )) < d{y n ,p(y n )) + d(p(y n ) , p 2 (y„)) 

which establishes (by taking limit of the right hand side) the inequality R2 < 
2R X . _ 

Next consider a sequence y n in M such that d(y ni p 2 (y n )) — > R2 when n — > 
+00. If z n is the midpoint of the geodesic segment [y n , p(y n )] then, because p is 



2 Here any unbounded sequence would do. In fact, once Ri is characterized as the rate of 
escape of all points, one can deduce that R n = nRi for all n. 
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an isometry, p{z n ) is the midpoint of [p{y n ), P 2 (l/n)}- Hence by lemma [5] applied 
to the geodesic segments [p(y n ), Vn] and [p(y n ), p 2 (y n )} respectively we obtain: 

Hi < d(z n , p\z n )) < > — when n —> +00 

From which the result follows. □ 

9 Past orbits 

9.1 Past and future rotation vectors 

We will begin this section with a lemma that shows in particular that the set of 
points x € M for which vf(x) exists is /-invariant, and that the norm (x)|| 
is constant along each orbit. 

Lemma 18. Let H be a Hadamard manifold and {cc n } n >o, {y n }n>o C H be 
such that: 

d(x n ,y n ) = o(n) when n — > +00 
If there exists v € T Xo H such that 

d(x n , exp(m>)) = o(n) when n — > +00 

then there exists a unique vector w £ Ty H such that: 

d(y n ,exp(nw)) — o{n) when n — > +00 

In such a case \\w\\ = \\v\\ and if \\v\\ 7^ then v/\\v\\ is asymptotic to w/\\w\\ 
(see Appendix). 

Proof. By |EQ73[ Remark 4, p. 48] there is a unique vector w G T yo H such that: 

d(exp(tv),exp(tw)) = 0(1) when t —> +00 

By lemma [5] (see also the discussion following definition [T4")) w is also the 
unique vector in T yo H satisfying: 

d(exp(tv), exp(tiu)) = o(t) when t — > +00 

Notice that: 

t\\v\\ = d(xo,exp(tv)) < d(xo,yo)+d(yo,exp(tw))+d(e-xjp(tw),e-xjp(tv)) — t\\w\\+o(t) 

which implies that \\v\\ < \\w\\ and hence (by symmetry) that ||u|| = as 
required. 

Assuming ||u|| = ||w;|| 7^ it follows from the bound on d(exp(£i>), exp(tw)) 
that and iy/||iu|| are asymptotic. 

To conclude we estimate d(y n , exp(nw)) as follows: 

d(y n , exp(nw)) < d(y n ,x n ) + d(x n , exp(nu)) + d(exp(nv), exp(nw)) = o(n) 

□ 
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Corollary 19. Suppose M, M, f and F satisfy the hypothesis of Theorem [H 
and x £ M has a rotation vector Vp{x). Then vp{f k (x)) exists and satisfies 
\\vF(f k (x))\\ = \\v F (x)\\ for all k £ Z. 

Proof. Let x be a lift of x. By definition of vp(x) the lift a of t n- exp(tvi?(a;)) 
starting at i satisfies: 

d(a(n), F n x) = o(n) when n — > +00 

As an immediate consequence for any k £ Z one has: 

d(F n x, F n+k x) = o(n) when n +00 

The claim now follows by lemma [15] and the fact (observed in section [2]) 
that the existence of vp(f k (x)) is a property of the i^-orbit of any single lift of 
f k (x). ' □ 

Since we are studying invertible dynamical systems it is natural to ask what 
the relationship is between rotation vectors for the system / and its inverse / . 
In this direction we will prove the following theorem. 

Theorem 20. Let M, M, f, F and /i satisfy the hypothesis of Theorem^ Then 
for almost every x € M it holds that \\vf{x)\\ = \\vp-i (x)\\ and either vf{x) — 
v F -i(x) = or vf{x) 7^ v F -i(x). 

Proof. Let 1 4 i be a measurable function such that x projects to x for all 
x £ M. Consider for each x £ M the Busemann function on M associated to 
the lift a of the geodesic 1 1-> exp(tvp(x)) starting at x: 

B x {p,q)= hm d(p,a(t)) - d(a(t),q) 

t— >+oo 

Notice that if a is non-constant then B x coincides with the Busemann func- 
tion associated to the vector a'(0)/||a'(0)|| as defined in the Appendix. The 
function B x satisfies B x (p, q) + B x (q, r) — B x (p, r) for all p,q,r £ M. Also, one 
has the inequality \B x (p,q)\ < d(p,q). 

With this notation we define a measurable function g ; M — > M by the 
formula g(x) = B x (x, Fx). Since < d(x,Fx) the function g is integrable. 

Also, if p is a covering transformation then, because F commutes with p, it 
follows that: 

g{x) = lim d(p(x), p o a{t)) - d(p o a(t),F(p(x))) 

t—¥+ 00 

so that the value of g(x) is independent of the chosen lift of x. 

We will now show that H^fC^OH < II^f- 1 ^)!! f° r almost all x. If vf(x) = 
this is satisfied so we may assume vf{x) 7^ in what follows. 

By lemma [18] and corollary [19] it follows for all k £ Z that the lift of t H> 
exp(tvF(f k (x)) starting at F k (x) is asymptotic to a. By lemma [2^1 and the fact 
that g(f k (x)) may be calculated at any lift of f k {x) this implies that: 

g{f k {x)) = B fk(x) U^),F7Hx)) = B x (F k x,F k+1 x) for all k £ Z 
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Consider now the Birkhoff averages of <?. One has the following equality: 



-Y,9U\x)) = ~J2b x (F%F^x) = B'&f 1 *) 



n 

k=0 k=0 



By definition of v F (x) one has that 

d(a{n),F n x) = o(n) 
from which one obtains the following: 

n\\v F {x)\\ = B x {x,a(n)) = B x {x,F n x) + B x {F n x,a{n)) = B x (x,F n x) + o(n) 

Hence the limit g of the Birkhoff averages of g equals ||wf(a;)|| almost surely. 
But by Birkhoff's theorem one also obtains: 

\\v F (x)\\= Urn -Y,g{f- k {x))= lim B ^ F ~ ni ^ 

k=l 

< l im d ( F ~ n ^ x ) = \\ Vp _ 1 ( x )\\ 

n—>+oo n 

This establishes that < \\v F -i (x)\\. By applying the same argument 

to F^ 1 it follows that \\v F (x)\\ = \\vp-i(x)\\ almost everywhere. 

Suppose now that for some x we have v F (x) = v F -i(x). Then B x is the 
Busemann function associated to the geodesies given by both rotation vectors. 
In this case the above analysis and the property B x (p,q) — —B x (q,p) give: 

ll t mi r B x (F- n x,x) B x ( Xl F- n x) 

\\vp(x)\\ = lim = — lim = —1^-1(2;) 

n— >+oo Jl n— >-+oo Jl 

Since both sides are non-negative this implies that v F (x) = v F -i (x) — 0. □ 

On strong visibility manifolds (e.g. manifolds with Anosov geodesic flow, 
see Appendix) we obtain the following corollary. 

Corollary 21. Let M, M , f ', F and \x satisfy the hypothesis of Theorem^ and 
suppose M is a strong visibility manifold. Then for almost every x € M with 
v F (x) 7^ it holds that for each lift x of x there exists a geodesic a : M. —t M 
such that: 

d{a(n),F n x) — o(n) when n — > ±00 

Furthermore a is unique up to reparametrizations by time translation. 

Proof. Set R = ||?;f(2;)|| and let v + , v~ E T X M project to v F (x)/R and v F -i (x)/R 
respectively. Consider the geodesic defined by: 

a(t) = exp(tRv) 

where v = irh(v + ,v~) and ir^ is the projection along horospheres (Lemma I31[) . 
The uniqueness claim follows from the definition of strong visibility (see Ap- 
pendix). □ 

We will call a geodesic satisfying the properties of the above corollary a 
bi-infinite geodesic escort for the sequence {F n i} n( =z. 
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9.2 An example without a bi-infinite geodesic escort 



The limitations of preceding corollary are illustrated by the following example 
(see [KM99] Remark 2.4). Consider the metric ds 2 = (1 + e" y ) 2 dx 2 + dy 2 in 
R 2 . Direct calculation shows that this metric has non-positive curvature. Note 
that (compare with Theorem 2.1 in |AB98j ). a curve a — (x, y) : R — > R 2 is a 
geodesic if and only if the following Hamiltonian equations are satisfied: 



In particular pi = (1 + e~ y ) 2 x' is constant along each geodesic. Since E = 
(1 + e~ y ) 2 x' 2 + y' 2 = (1 + e~ y )~ 2 p\ + y' 2 (i.e. the square of the norm of the 
velocity) is also constant along each geodesic one can classify the asymptotic 
behavior of all geodesies as follows: 

• If E > p\ then y' 2 is bounded away from 0. This implies that y 1 has 
constant sign and is bounded away from 0. 

• If E — p\ then y' 2 = (1 — (1 + e~ y )~ 2 )E (e.g. it is never unless the 
geodesic is constant). From this one deduces that y is a bijection of the 
real line with y' — > when y — > +oo and \y'\ — > +oo when y — > — oo. 
Depending on sign of y'(0) the function y is decreasing or increasing. 

• If E < p 2 then y is bounded and y" is bounded from above by a negative 
constant. In particular y — > — oo and \y'\ — ¥ +oo when t — ¥ ±oo. 

Consider the sequence x n = (n, 0) e R 2 for n E 7L. It follows from compar- 
ison with the usual Euclidean metric that the rate of escape of this sequence 
greater then or equal to 1. One can show that, in fact, the rate of escape is 
exactly 1 by calculating the length of the polygonal path through the points 
(0, 0), (0, \og(n)), (n, log(n)) and (n, 0) (which turns out to be n + 2 log(n) + 1). 

Since {x n } is the orbit of an isometry it is aligned by Lemma [T2] Therefore 
one obtains by Lemma [TT] that it must have a geodesic escort a starting at 
(0,0). The considerations above ensure that this geodesic must be of the type 
with E — p\. The geodesic j3 symmetric to a with respect to the y-axis escorts 
the sequence x n when n —¥ —oo (because symmetry with respect to the y-axis is 
an isometry). However there is no bi-infinite geodesic 7 with d{^{n) 1 x n ) = o(n) 
when n — > ±00, as one can see by checking each of the three types of geodesies 
discussed above. 

Consider now M = R 2 with the metric under discussion, F given by F(x, y) = 
(x+1, y) and M = M /T where T is the group generated by any non-trivial trans- 
lation j(x, y) — (x + t, y). One can take / to be the projection of F to M and 
H to be the projection of the uniform probability measure on [0, t] x {0}. With 
these definitions one is in hypothesis of Theorems [2] and [20l 

Let p be the projection to M of (0,0), the rotation vector vf{p) is the 
projection of a'(0) to TM and the rotation vector vp-i(p) is the projection 
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of /3'(0). Hence the two vectors are different (since a'(0) has a non-null x- 
component). However one cannot apply Corollary [2T1 and in fact, as we have 
shown, the conclusions of this corollary do not hold in this case. 

This example also shows that the distance to the geodesic escort given by a 
rotation vector can be non-bounded. 

10 Rotation vectors for flows 

We will now develop the concept of rotation vectors for continuous flows. Let 
us begin with the definition. 

Definition 10 (Rotation vector for a flow). Let M be a complete Riemannian 
manifold, M its universal covering space, f : K X M — > M a continuous flow, 
and F :lx M -> M its lift. 

A rotation vector v{x) of a point x £ M is a vector in the tangent space 
T X M such that for any lift x of x the following holds: 

d(a(t), F l x) = o{t) when t — > +00 

where a is the lift starting at x of the geodesic a : [0, +00) — > M defined by 
a{t) = exp x (tv(x)). 

An important difference between the case of flows and that of homeomor- 
phisms is that for flows there is a unique lift which automatically commutes 
with all covering transformations. Also the geodesic escort given by a rotation 
vector satisfies an asymptotic condition on all t 6 [0, +00) (as opposed to only 
integer values) . In order to deduce an existence theorem for flows from the cor- 
responding theorem for homeomorphisms, it is necessary to control the variation 
of a trajectory between integer times (compare with the discussion in Kin73 
section 1.4). 

Theorem 22 (Existence of rotation vectors for flows). Let M be a complete 
connected Riemannian manifold with non-positive sectional curvature and let M 
be its universal covering space. For each x £ M let x £ M denote an arbitrary 
lift of x. 

Suppose that f : Rx M M is a continuous flow with lift F : R x M — > M , 
and that \i is an f -invariant Borel probability measure satisfying the condition: 

/ sup d(F s x,F t x)dn(x) < +00 

J M 0<s<t<l 

Then for /i-almost every x € M there exists a unique rotation vector v(x) € 
T X M. 

Proof. By Theorem [5] for almost every x € M there is a unique vector v(x) £ 
T X M such that: 

d{a{n),F n x) — o{n) when n — > +00, n G Z 
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where a is the lift starting at x of t H> exp(tv(x)). 

The function g : M — > [0,+oo) given by g(x) — sup 0<s<t<1 d(F s x, F l x) is 
well defined and continuous. In order to prove that 

d(a(t), F*x) = o(t) when t +00 

if suffices to show that for almost all x € M it holds that g(f n x) = o(n) when 
n — > +00. This follows from Birkhoff's ergodic theorem which is applicable 
because g is integrable. □ 



11 A Semi-conjugacy result for Flows on Fiber 
Bundles 

In this section we will show how the existence of non-null rotation vectors pro- 
vides a measurable semi-conjugacy between a given flow and the geodesic flow 
of a manifold. This generalizes the semi-conjugacy statement of Theorem 4.1 
in |BoyOO| by replacing the restriction of constant negative curvature by that of 
strong visibility (see Appendix). 

We will begin by defining rotation vectors through a map between two man- 
ifolds: 

Definition 11. Let M be a Hadamard manifold, tt : M — » M a Riemannian 
covering, f : K x N — > N a continuous flow on a manifold N and h : N —> M 
a continuous map. 

A rotation vector Vh(x) of a point x £ N is a vector in the tangent space 
T h ^M such that for any lift p of p = h(x) the following holds: 

d(a(t),/3(t)) = o(t) when t +00 

where a is the lift starting at p of the geodesic a : [0, +00) — > M defined by 
a(t) = exp x (tv(x)) and (3 is the lift starting at the same point of the curve 
p(t) = h(f(x)). 

This definition applies in particular to the geodesic flow on TM by taking 
the map h : TM —> M to be the natural projection. In this case the rotation 
vector associated to a point v € TM is simply v. 

When / : Rx TM — > TM is the geodesic flow of a different metric then 
the one we are considering on M rotation vectors provide a comparison between 
geodesies of the two metrics. In general, if p : E — > M is a fiber bundle projection 
and / :Mx£->£isa continuous flow rotation vectors through p provide a 
comparison between the trajectories of / on the base manifold, and the geodesic 
flow of this manifold as in BoyOO] . 

As another example suppose / : Rx S(N) — > S(N) is the geodesic flow on the 
unit tangent bundle S(N) of Riemannian manifold N and h : S(N) — > M is the 
composition of the natural projection from S(N) to N and a map hi : N —> M . 
In this case the integral of the norm of the associated rotation vectors (i.e. the 
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rate of escape) is equal to the 'intersection' (<7at, <?m) of the geodesic flows gN 
and gu on N and M respectively introduced in [CF90] . 

The following existence theorem is a corollary of Theorem Q3] by arguments 
very close to the proof of Theorem O 

Theorem 23. Suppose f : M x N — > N is a C 1 flow on a manifold N pre- 
serving a Borel probability measure /i with compact support. If M is a con- 
nected complete Riemannian manifold with non-positive sectional curvature and 
h : N — > M is a C 1 map then for [i-almost every x G N there exists a unique 
rotation vector Vh{x). 

Proof. Let tt : M — > M be the universal Riemannian covering of M and let 
L : M — > M be measurable such that tt(L(x)) = x for all x G M . 

Define <j> : N -> M N so that, for all x G N and n G N, if a x : [0, +00) -> M 
is the lift starting at L{h{x)) of the curve 1 1-> h(f t x) then 0(x) n = a x (n). 

Notice that if X : N — > TN is the vector field generating the flow / and 
C = max supp (jA \\DhX\\ , where the maximum is taken on the support of fi, then: 

/d(0(s)o,0(a)i)d/*(aO< / / \\DhX{f s x)\\dsdfi(x) < C 

JN JN JO 

Also one has that 

d(cj)(x) m+1 ,(j)(x) n+ i) = d{a x {m + l),a x (n + 1)) = d(a f i (x) {m), ap( x )(n)) 

where the second equality^js obtained by applying the^ covering transformation 
taking a x : [l,+oo) — > M to : [0, +00) — > M (which are two lifts of 

t^fifHx))). 

Hence (j> satisfies the hypothesis of Theorem [14] and in consequence for /x 
almost every x G N, either because the rate of escape is zero or, if it is positive, 
by Lemma [Til there is a unique geodesic f3 x : [0, +00) — > M starting at L(h(x)) 
and escorting the sequence a x (n). 

For such a point x G N let R be the rate of escape of {a x (n)} n >o. To 
conclude that the projection of R(3'(0) to TM is a rotation vector for x through 
h it suffices to note that if n <t < n + 1 where n G N one has: 

d{a x {t),a x (n)) < C 

The uniqueness of Vh(x) for the points where it is defined follows directly 
from the uniqueness statement for f3 x . □ 

We define the rotation vectors to the past as those for the time-reversed flow 
g t x — f~ l x. In the same spirit as Section [9] we obtain the following: 

Theorem 24. With the hypothesis and notation of Theorem and the ad- 
ditional assumption that fi is ergodic, let (x) denote the rotation vector to 
the past of a point x G N if it exists. For almost every x G N it holds that 
\\vh{x)\\ = \\Vh(x)\\ and, either v h (x) = v^(x) =0 or v^(x) ^ v h (x). 
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Proof. Let tt : M — > M be the universal Riemannian covering of M. 

Notice that, because p is ergodic, there exist constants R + ,R~ such that 
|K(a;)|| = R + and \\v^{x)\\ = R~ for almost every x £ N. If R+ = R~ = 
then there is nothing to prove. Otherwise by a linear time change (of the form 
t h-> ±Ci) we may assume that R + = 1. 

For each x £ N with = 1 let a x : R — > M be a lift of the curve 

1 1 ^ h(f*x). Also, let u(ar) € T Qx ( )M project to u/,(a;) and define g : N — > R as 
follows (see Appendix for definition of B v ): 

g(x) = B v{x) (a x (0),a x (l)) 

By noting that E>D pv (p(p), p(q)) = B v (p, q) for any p, q <E M, w <G S(M) and 
any isomctry p : M — > M it follows that g doesn't depend on the chosen lift 
and in particular is measurable (by choosing x h-» a x (0) measurable). This also 
gives the following equalities: 

71—1 n—1 

^2g(f k x) = B v{x) (a x (k),a x (k + 1)) = B v{x) (a x (0),a x (n)) 

fc=0 k=0 
n n 

^2g(.f~ k x) = Y B v(x)(a x (-k), a x (-k + 1)) = B v(x) (a x (-n),a x (0)) 

k=l k=l 

Because v(x) projects to Vh(x) which has norm 1 it follows that B v ^(a x (0),exp(nv(x))) 
n. Also, 

B v{x ){a x (0),a x (n)) = B v{x) (a x (0) 7 exp(nv(x))j) + B v(x) (cxp(nv(x)), a x (n)) 

From this and the fact that 

\B v ( x )(exp(nv(x)),a x (n))\ < d(exp(nv(x),a x (n)) = o(n) 

one obtains that 

1 1 ™ _1 

J}^ -B v{x) (a x (0),a x (n)) = Jjm^ - £ g(f k x) = 1 = \\v h (x)\\ (1) 

fe=0 

for all x e N with |K(a;)|| = 1. 

Furthermore one has \g(x)\ < d(a x (0),a x (l)) which is bounded on the sup- 
port of p, hence by Birkhoff 's ergodic theorem and the ergodicity of p: 

n 

1= Urn -W/- fe (z))= Urn -B v(x) (a x (-n),a x (0)) (2) 

fe=l 

for almost every x G N . 

Since |B J ,( x )(a x (— n), a x (0))| < rf(a x (— n), a x (0)) for all n this implies that 
( x )l > 1 = ||u/,(a;)|| for almost every x € N. However by applying the 
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argument to a time reversing reparametrization of / it follows that ||«ft(a;)|| = 
11^(^)11 = 1 f° r almost every x <E N. 

To show that Vh(x) 7^ vZ(x) for almost every x G N, we proceed by con- 
tradiction. If Vh (x) = v7~ (x) with positive probability then for some x € N we 
would have: 

1 = \\ v h ( x )\\ = lim - B v(x)(a x (0),a x (~n)) 
n— S-+OG 71 

= - lim -B t) ( a; )(a a; (-n), 0^(0)) = -1 

where the second equality is given by equation [T] applied to the time- reversal of 
/ and last equality follows from equation [2l □ 

In order to state our semi-conjugacy result let us fix the following definitions. 

Definition 12 (Cocyle). Let f : R x N — > N be a measurable flow on a measur- 
able space (N, Bn). A cocycle over f is a measurable function a : N x R — » R 
such that: 

a(x, s + t) = a(x, s) + a(f 3 x, t) for all s,t 61,1 G N 

The cocycle a is said to be invertible if a(x, ■) : R — > R is an increasing homeo- 
morphism for all x. 

Definition 13 (Measurable semi-conjugacy). A measure preserving flow f : 
R x N — > N on a probability space (N,Bn, [a) is said to be semi- conjugate to a 
measurable flow g : R X M — > M on a measurable space (M, Bm) if there exists 
an invertible cocycle a : N x R — > R and a measurable function <j> : N — > M such 
that: 

<j>{fx) = g< x 'V<j>(x) for allteR,xeN 

The last definition is quite lax, e.g. all flows are semi-conjugate to the 
constant flow on the space containing a single point. However, we will prove a 
semi-conjugacy result with geometric content since the conjugation will associate 
to each point a geodesic escort of the image of its orbit through a given map. 

Theorem 25 (Semi-conjugacy). With the hypothesis and notation of Theorem 
\24\ suppose that M is a strong visibility manifold and that \\vh(x)\\ = R > for 
almost every x G AT. 

Then there exists an invariant Borel set G C N with /i(G) = 1 and such 
that f restricted to G is measurably semi- conjugate to the geodesic flow g : 
R x TM — > TM of M. Furthermore, the semi- conjugation^ <p : G — > TM can 
be chosen so that for all x £ G there exist a, (3 : R — > M which are lifts of 
the curves t M- exp(t</>(x)) and t H- h{f l x) respectively, and have the following 
property: 

d(a(t), f3(t)) — o(t) when t — > ±00 
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Proof. By linear time change of the flow / we may suppose R = 1 

Let G C N be the set of points possessing distinct rotation vectors with 

norm 1 to the past and the future. This set is invariant, and has full measure 

by Theorems and [Ml 

We first note that the functions u^, : G — > TM are measurable. In fact if 

one defines the curve t i— > u^(x) to be the lift of t M> h(f t x) to T^jM via the 

exponential map, then is a continuous function of x G G and for all x G G 

one has: 

u h (af)= hm -^(ac) 

t->+oo t 
h K ' t^+oo t h 

Now fix x G G, consider any lift y G M oi h(x) and define /? : R — > M as the 
lift of 1 1 — ^ h(f t x) starting at y. 

Let G T^M project to and respectively and let v = 

■Kh (v + ,v~) be the projection along horospheres of v + , v~ (see Lemma l5T|) . Defin- 
ing a(t) = exp(iu) it holds that: 

d(a(t), fi{t)) = o(t) when t — > ±00 

Also, if 7 is a covering transformation then one can see that D^fv + remains 
asymptotic (see Appendix) to D"fv and similarly for D^/v~ and — D~/v, also the 
base points remain on the same horosphere with respect to Br) lv and therefore 
it must be that D^/v — nh(D^v + , D"/v~). This shows that the projection of v 
to TM doesn't depend on the chosen lift y. Hence the equation: 

4>i(x) = Dtt(v) 

defines a measurable function <f>\ : G — > TM. 

For any t G R let v + (t) and v~(t) denote the lifts of Vhipx) and v'^(f t x) to 
Tg^-jM. Since v + (t) is asymptotic to v + for all t, Lemma l27l implies that v + (t) 
is a continuous function of t. Similarly v~ (t) is a continuous function of t. This 
implies that there exists a unique b(x, t) G R, which is continuous with respect 
to t, such that: 

4> l {f t x)=g b ^ t Ux{x) 

From the above equation the function &:GxR— ^Risa measurable cocycle. 
However the cocycle b is not necessarily invertible. 

To construct an invertible cocycle we notice that since a and /3 are asymp- 
totic one has: 

lim = 1 for all x G G 

t^+oc t 

And also if G = max sup! ,( M ) ||D/iA|| one has: 



\b(x,t)\< 



f \\DhX(f s x)\\ds<Ct 
Jo 
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so that b is uniformly Lipshitz with respect to t. 

Under these conditions BoyOO; Lemma 1.4] guarantees the existence of a 
measurable function r : G — >• (Q, +00) such that the equation 

a(x, t) = b(x, t) + r(fx) - r(x) 

defines an invertible cocycle which satisfies the property: 

lim ^ElR = l for all x G G 

t— f+oo t 

Hence by defining <fi(x) = g r ^(f>\ (x) the theorem follows. □ 

12 Examples 

12.1 Homeomorphisms of hyperbolic surfaces 

Besides the two-dimensional torus the simplest manifolds to which our results 
are applicable are complete hyperbolic surfaces. Self-homeomorphisms of such 
manifolds which are isotopic to the identity form a large family of dynamical 
systems which have been widely studied with other tools. We will now discuss 
some implications of the existence of rotation vectors in this context and relate 
them to known results. 

Consider the disk D = {zeC:|z|<l} endowed with the Poincare metric. 
We recall that geodesies of this metric are parametrizations of either Euclidean 
diameters of B or Euclidean circle arcs which are perpendicular to the boundary 
<91D>. In particular, we note that any geodesic ray has a well defined endpoint in 
dU. The only additional fact we will need about this metric is that the closed 
disk centered at a point x E ID) with hyperbolic radius R > (which we will 
denote by D(x,R)) is in fact an Euclidean closed disk centered at a point on 
the Euclidean segment [0,a;] (see the proof of |And 05 , Proposition 4.5]). 

Throughout this section let M be a complete hyperbolic surface and / : 
M — > M a homcomorphism which is isotopic to the identity. Fix a Riemannian 
covering n : D — )• M and let F : ED — > D be an admissible lift of /. The 
following proposition summarizes the consequences of the existence of points 
with non-null rotation vectors. 

Proposition 26. Let x £ ED project to a point in M possessing rotation vectors 
to the future and past which are non-null, distinct, and have equal norm. Then 
there exist two distinct boundary points X-,x+ £ <9B such that: 

lim F n (x) = x+ 
lim F~ n (x) = x- 

n—>-\-oo 
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Proof. Let v+, V- <G T X H) project to the rotation vectors to the past and future 
of 7r(x) respectively, and let x+,X- £ <9B be the boundary endpoints of the 
geodesic rays with initial condition v + and t>_ respectively. One has that: 



In particular it follows that d(0,F n (x)) = \\v + \\n + o(n) so that any limit 
point of the sequence {F n (x)} n >o will belong to the boundary dV>. Define 
x n = cxp(nw + ) and notice that R n = d(x n ,0) = n\\v + \\ + 0(1). If follows 
that F n (x) 6 D{x n ,R n ) = D n for all but finitely many n > 0. Since D n is 
an Euclidean disk centered on a point in the segment [0,x n ] and belongs to 
the boundary of D n it follows that D n is contained in the closed Euclidean 
disk with diameter [0,x n /|x„|]. Since \im n ^ +oa x n /\x n \ — x+ one obtains that 
lim n ^+oo F n (x) — x+ as claimed. 

The same argument establishes the claim for for {F~ n (x)} n >o and X-. □ 

The conclusion of the above proposition was shown by Michael Handel to 
hold in some cases in which x is the lift of a periodic orbit of / as discussed 
in |Fra961 Section 3] (compare with Theorems 1171 and I20p. The existence of 
points in the lift whose orbits have distinct limits on the boundary circle when 
n — > ±oo can in certain circumstances imply the existence of fixed points of 
/ with index 1 by application of Handel's fixed point theorem as in |Fra961 
Proposition 3.4] (see also }Han99j ). 

In particular from the observations above it follows that if a point x G 
D projects to a point with non-null and distinct rotation vectors to the past 
and future then its orbit cannot remain close to a horocycle since this would 
imply x + — contradicting Proposition 1261 (compare with the example at the 
beginning of section [8]) . 

12.2 Hyperbolic Magnetic Flow 

The differential equation 

a"(t) = ia'(t) for all t 

where a : M — > K 2 and multiplication by i denotes rotation by 90 degrees in the 
counter-clockwise direction, determines the trajectory of a charged particle in a 
plane orthogonal to a constant magnetic field in Euclidean space. 

It is easy to show that any such curve is periodic and in fact is a parametriza- 
tion of an Euclidean circle of radius ||a'(0)||. 

We will now consider a similar dynamical system in the hyperbolic plane, 
that is, we consider the differential equation: 



d(exp(nv+),F n (x)) 



o(n) when n — > +oo 



d(exp{nv^),F- n (xj) 



o(n) when n +oo 




ia'(t) 



(3) 
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Figure 2: Trajectories parting from in the Poincare disk model of the hyper- 
bolic plane are Euclidean circle arcs and are traversed in the counter-clockwise 
sense. 

where D/dt denotes covariant derivation with respect to the canonical connec- 
tion of the hyperbolic metric. This differential equation defines a flow on the 
tangent bundle of the hyperbolic plane and also on the tangent bundle of any 
oriented hyperbolic surface (this is the so called 'magnetic flow' for the volume 
2-form, e.g. see |Mir07j ). 

Fixing a non-constant trajectory and denoting the norm of its velocity (which 
remains constant) by v we will prove the following (see figure 112.21 ) : 

• If v < 1 then the trajectory is periodic and in fact is a hyperbolic circle of 
radius r where tanh(r) = v. 

• If v = 1 then the trajectory is a horosphere. 

• If v > 1 then the trajectory has rate of escape R = vV-1 and describes 
a curve which is at a constant distance r > from a geodesic. The distance 
r is given by the equation tanh(r) = l/v. 

In particular, if M is a compact oriented hyperbolic surface and / : K x 
TM — > TM is the magnetic flow described above then any ergodic invariant 
measure for / which is supported on a set of vectors with constant norm v > 1 
has non-null rotation vectors and satisfies the hypothesis of Theorem [25l 

Since the set of solutions to equation [3] is invariant by isometries and the 
description above accounts for all possible values of the initial speed v all one 
needs to do to establish the claims is calculate that the described curves are 
in fact solutions to the equation. This verification amounts to calculating the 
covariant derivative of an explicit curve and is simple to do if an appropriate 
coordinate system (which we will now indicate) is used for each case. 

For the case v < 1 the claim follows from |Lam02] but one can also verify it 
by calculating in polar coordinates. Concretely consider the plane P = {(r,6) £ 
R 2 : r > 0} with the metric dr 2 + sinh(r) 2 d# 2 . Let T be the group generated 
by the isometry (r, 9) > (r, 2tt + 6). The Riemannian quotient manifold P/T 
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is isometric to the hyperbolic plane minus one point (this follows from the fact 
that the perimeter of the hyperbolic circle of radius r is 27rsinh(r)). Our claim 
amounts to the statement that for each r > one has: 

^«'(*) = (-tanh(r),0) 

where 

a(t) = (r, tj cosh(r)) 

For the case v = 1 the verification may be done in the upper half-plane 
model (i.e. H={i = (i,j)el 2 :i/>0} with the metric (dx 2 + dy 2 )/y 2 ). It 
amounts to verifying that: 

= (0,1) 

where 

a(t) = (t,l) 

Finally, consider the case v > 1. We will use a system of coordinates (x,r) 
described as follows: Fix a unit speed geodesic 7 in the hyperbolic plane, the 
point with coordinates (x,r) is the unique point at distance r from 7(2;) on the 
geodesic ray with initial condition 17' (x). In these coordinates the hyperbolic 
metric is cosh(r) 2 dir 2 +dr 2 as can be seen by the isometry with the upper half- 
plane model given by (f>(x, r) = (e x tanh(r), e x / cosh(r)). One must verify that 
for each r > the following curve is a solution to equation [3j 

a(t) — (t/ sinh(r),r) 

In this case calculation yields: 

£«'(*) = (0,-l/tanh(r)) 

The norm of a'(t) is l/tanh(r) = v. Since a is at a constant distance from 
1 1 y {t J sinh(r), 0) which is a geodesic it follows that the rate of escape of either 
curve is R, = sin ^ r ^ • By application of the identity 0: 

sinh(arctanh(x)) = 



it follows that: 



R = -A — = = Vv 2 - 1 

sinh(r) sinh(arctanh(l/w)) 



3 This identity can be obtained starting with tanh(arctanh(x)) = x by squaring both sides 
and using the fact that cosh(y) 2 = 1 + sinh(y) 2 . 
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Appendix: Visibility Manifolds 

The purpose of this appendix is to present some facts about Buscmann functions 
and Visibility Manifolds. 

Definition 14 (Asymptotic tangent vectors). Let H be a Hadamard manifold. 
Two vectors v,w € S(H) are said to be asymptotic if: 

d(exp(tv), exp(fru))) = 0(1) when t — > +oo 

We observe that if v, w € S(p) for some p € H then v and w are asymptotic 
if and only if v = w. This follows because t i-> d(exp(tv) , exp(tw)) is a non- 
constant convex function (lemma [5]) taking the value at t = and therefore 
grows at least linearly. Also, by the same argument, the condition that the 
distance in the definition be bounded is equivalent to it being o(t) when t — > +oo. 
The main non-trivial fact we shall use about this equivalence relationship is the 
following: 

Lemma 27. Let H be a Hadamard manifold. If {v n } n >i, {w n }n>i C S(H) and 
v, w € S{H) are such that: 

v n — > v when n — > +oo 

w n — > w when n — > +oo 
V n is asymptotic to w n for all n 
then v is asymptotic to w. 

Proof. Let it : S(H) — > H denote the bundle projection and g : K x S(H) — > 
S(H) the geodesic flow of H. 

Suppose that there exists t > such that: 

d(n(g t v) 7 Tr(g t w)) > d(n(v), n(w)) 

Then because g is continuous there exists n such that: 

d{ir{g t v n ),'K{g t 'w n )) > d(n(v n ),ir(w n )) 

However by convexity this implies that: 

lim d(n(g s v n ),n(g s w n )) = +oo 

s— >-+oo 

Which contradicts the fact that v n and w n are asymptotic. □ 
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We recall the following definition of Busemann functions (compare with the 
definition of f 1 in E073 ( pg. 56]). See |DPS10| for background on this concept. 

Definition 15 (Busemann function, horosphere). Let H be a Hadamard man- 
ifold and v E S(H). The Busemann function B v : H x H — > R is defined 
by: 

B v (x,y) = lim d(x, exp(iu)) — dtexpttv), y) 
t— ¥+00 

The maximal sets of points L C H with B v (x,y) = for all x,y € L are 
called horospheres or limit spheres of H . 

Directly from the definition one can deduce that both the inequality | B v (p, q) | < 
d(p,q) and the equality B v (p,r) — B v (p,q) + B v {q,r) hold for all p,q,r G H 
and all v g S(H). We shall also use two more facts. 

Lemma 28. Let H be a Hadamard manifold. Ifv,w G S(H) are asymptotic to 
each other then B v = B w . 

Proof. Let v £ S(p) and w G S(q). If one defines /, g : H — ► R by: 

f(x) = B V (P,X) 

g(x) = B w (q,x) 

Then by |EQ73| Proposition 3.1] one has that / — g is constant. Since: 
B v (x, y) - B w (x, y) = f(y) - f(x) - (g(y) - g(x)) 
the conclusion follows. □ 

Lemma 29. Let H be a Hadamard manifold. If {v n } n >i C S(H) andv £ S(H) 
are such that: 

V n — > v when n — > +00 
then B Vn — > B v uniformly on compact subsets of H x H when n — > +00 . 
Proof. The function C : S(H) x H -> R defined by: 

C(w,x) = lim d(exp(tw), x) — t 

t— »+oo 

is continuous by |Ebe731 Proposition 2.3]. We will show that this is equivalent 
to our claim. 

For this purpose observe that if w G S(H) and x, y G H then: 
B w (x, y) = lim d(exp(tw), x) — t + t — d(exp(tw), y) 

t— >+oo 

= C(w,x) - C(w,y) 

It now follows from the the continuity of C that B Vn converges to B v point- 
wise. Uniform convergence on compact subsets is a consequence of the inequality 
\B w (x, y)\ < d(x, y) which is valid for all w G S(H) and x,y G H. □ 
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We will now restrict our attention to manifolds satisfying so called 'visibility 
axioms' 1 and 2. In these manifolds we will find a natural projection from the 
set Q C S(H) x S(H) of pairs of distinct unit tangent vectors with the same 
base point, to S(H). 

Our definition of 'strong visibility' is equivalent to visibility along with Ax- 
iom 2 of [EQ731 Definition 4.1] (here we use the fact that H(oo) with the cone 
topology is homeomorphic to S(p) for all p £ H as shown in [EQ731 Theorem 
2.10]). 

Definition 16 (Visibility manifold). A visibility manifold is a Riemannian 
manifold whose universal Riemannian covering is a Hadamard manifold H with 
the following property: For each p £ H and each e > there exists a number 
R = R(p,e) such that for any geodesic segment [q,r] C H with d(p, [q,r]) > R 
it holds that Z p (g, r) < e. 

We will use the following result: 

Lemma 30 (Corollary 4.6 of [EQ73] ]). Let H be a visibility Hadamard manifold. 
For each compact K C H and e > there exists R > such that any geodesic 
segment [q, r] C H with d(K, [q, r]) > R satisfies Z. p (q, r) < e for all p £ K . 

The existence part of the following definition was shown to hold on any 
visibility Hadamard manifold in |EQ73[ Proposition 4.4] and the converse im- 
plication was stated without proof. 

Definition 17 (Strong visibility manifold). A strong visibility manifold is a 
visibility manifold such that its universal Riemannian covering space H sat- 
isfies the following: For each pair (v + ,v~) £ Q there exists a unique (up to 
reparametrization by time translation) unit speed geodesic a : M — > H such that 
a'(0) is asymptotic to v + and —a'(0) is asymptotic to v~ . 

Note that it was shown by T.Ukai that any Hadamard manifold whose 
geodesic flow is of Anosov type is a strong visibility manifold (see [UkaOO ). 
To conclude we show that a depends continuously on (v + ,v~) in the above 
definitions. This has been used to construct measurable semi-conjugating maps 
in section ITTl 

Lemma 31 (Projection along horosphcres). Let H be a strong visibility Hadamard 
manifold. There is a unique function tt^ : Q — > S(H) such that for all (v + , v~) £ 
Q the following conditions are satisfied: 

1. Setting v = TTh(v + , v~) it holds that v is asymptotic to v + and —v is 
asymptotic to v~ . 

2. Ifp,q £ H are such that v + ,v~ £ S(p) and v £ S(q) then B v (p,q) = 0. 
Furthermore, Tth is continuous. 

Proof. It follows from Lemma [28l that if v, w £ S(H) are asymptotic then B v = 
B w . Also, because geodesies are globally minimizing, one has B v (exp(sv), exp(tv)) = 
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t — s. Hence, given (v + ,v~) 6 Q with basepoint p, if a is the unique unit 
speed geodesic (up to reparamctrization by time translation) with a'(0) asymp- 
totic to v + and — a'(0) asymptotic to v~ then there is a unique i £ 1 with 
B v +(a(t),p) = 0. This shows that the function nh exists and is unique (in fact, 
in the above notation, irh(v + ,v~) = a'(t)). 

To establish continuity let (v + ,v~) £ Q D S{p) with irh(v + ,v~) — v and let 
q £ H be such that v £ S(q). Consider sequences p n and i>+, u~ € S(p n ) such 
that: 

(u„ , l>~) — > (v + , v~) when n — > +oo 

Finally, define v n — Kh{ v t.i v n) an( ^ ^ 5« De sucn that v n £ S(q n ). We must 
show that v n — > v when n — > +oo. 

First suppose v n — > w £ S(r) when n — > +oo. One has that B Vn (p n , q n ) = 
for all n and by Lemma this implies that B w (p,r) = 0. Also by Lemma B71 
one has that w is asymptotic to v + and — to to v~ . By the uniqueness of iTh, 
which we have already established, it follows that r = q and w = v. 

The above argument implies that any convergent subsequence of v n must 
converge to v, hence to establish continuity it suffices to show that {v„} is 
bounded. 

For this purpose take < e < inf n Z Pra (exp(w+),exp(u~)) and K — {p} U 
U n {P™}- By Lemma [30l there exists a number R and a sequence {t n } C K such 
that: 

d(exp(i„-y„),p„) < R 

and therefore |B i) +(|) n ,exp(i„w„))| < R. 
However since 

= B Vn (p n ,q n ) = B Vn (p n ,ex.p(t n v n )) + B Vn (exp(t n v n ),q n ) = 0(1) - t n 
one obtains that t n = 0(1) when n — > +oo and hence {«„} is bounded. □ 
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